Nonlinear oscillations of gas bubbles in viscoelastic non-Newtonian fluids remains a relatively unexplored area, but one of increasing importance with the growing use of high intensity ultrasound and contrast agents for imaging enhancement. Previous work by the authors focused on an analytical and numerical study of bubbles governed by linear viscoelastic constitutive equations.~is work was constrained by the small deformation assumptions inherent in the equations. New numerical studies of objective viscoelastic constitutive equations reveal the limitations of the Iinear viscoelastic models and show many novel results, In particular, the risk of bioeffects from medical ultrasound and harmonic imaging applications are stressed. Questions about the trace of the stress tensor are also discussed.
INTRODUCTION
The dynamics of acoustically forced gas bubbles in Newtonian fluids have been extensively investigated both theoretically and experimentally, however, bubble dynamics in non-Newtonian fluids is not as well understood, especially for the case of viscoelastic media. A better understanding of bubble dynamics in viscoelastic fluids holds significance to many medical and industrial applications.
Bubbles formed in biological fluids and tissue, both of which have viscoelastic properties, could produce potentially damaging effects when excited by diagnostic andor therapeutic ultrasound, Also, a recent advance in medical ultrasound imaging involves the use of bubbles acting as contrast agents to improve image quality by increasing the degree of scattering from blood. The dynarnicd response of these agents to ultrasound will be influenced by the body's viscoelastic structure.
MODEL FORMULATION
In earlier work, a novel formulation of bubble dynamics using a linear viscoelastic constitutive equation was developed [l] .
The validity of this formulation is limited by linear viscoelasticity to relatively small radid deformations.
In this work, numerical solutions to bubble dynamics equations govemd by an "objative" viscoelastic constitutive equation, valid for greater deformations, are sought.
It was discoveti that there is some inconsistency in the literature regarding the correct form of the radial bubble dynamics equation when these objective equations are used, depending on assumptions about the trace of the stress tensor. We contend in this work that our formulation is consistent with kinetic theory results which forms the basis of the chosen constitutive equations [2] . The generalized Rayleigh-Plesset equation may be expressed as
where r represents the radid and theta components of the stress tensor. The constitutive equations chosen for the fluid were the Phan-Thien Tanner and Upper Convective Maxwell~CM) models [2] . me Phan-Thien Tanner model reduces to the UCM result in the limit that two constants go to zero.) The radial and theta components of the stress tensor of the UCM can be expressed as:
For numerical study, the equations (1), (2), (3) were nondimensionalized, with the Reynolds number, Re, and Deborah number, De, serving as important nondimensional parameters.
To facilitate numerical solution, these equations were transformed to a Lagrangian reference frame and solved on a variable spatial grid. Regularization transformations were performed with respect to time to alleviate numerical difficulties during sha~bubble collapses.
REPRESENTATIVE RESULTS
The results demonstrate how the radial and theta components of the stress tensor govern the collapse and growth cycles of the oscillating bubble. In the limit of small-amplitude oscillations, excellent agreement is found with the UCM model and the previously developed linear viscoelastic equations. me linear viscoelastic formulation, however, eventually over-predicts the bubble growth for increasing pressure forcing amplitude, and hence increasing deformation. In particular, medical reIated applications are highlighted. Second harmonic generation is enhanced for increasing De (elasticity); a result which has important implications for the harmonic imaging using contrast agents. Also, results indicate it would be pertinent to account for tissue elasticity in future formulations of the "Mechtical hdex" for cavitation bioeffects. Figure 1 shows a 1.0 micron radius bubble forcd at 3.0 MHz and 0.4 MPa for De+.O (Newtonian case), 1.0., and 2.0 with a Reynolds number corresponding to a zero shear-rate viscosity of 30 cP. Note that the oscillation amplitude, which governs the magnitude of the possibly damaging collapse, increases with increasing Deborah number.
